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For 0<v<1 and graphs G and H, we write G — H if any y-proportion of the edges of G

span at least one copy of H in G. As customary, we write C* for a cycle of length k. We show
that, for every fixed integer {>1 and real >0, there exists a real constant C=C(l,7), such that
almost every random graph Gpn p with p=p(n) > Cn~1+1/2L gasisfies Gy P12+ c2+1 1
particular, for any fixed !> 1 and 5 >0, this result implies the existence of very sparse graphs G
with G——>1/2+ c2+l,

0. Introduction

In this note we are interested in a Turdn type problem concerning extremal
subgraphs of random graphs, which may be formulated as follows. Given a graph
H, we ask for the maximal size of an H-free subgraph of Gp = Gnp, the usual

binomial random graph on n vertices with edge probability p. Let us make this
precise by introducing some definitions and notation.

Let a graph G be given. As customary, write |G| for the order |[V(G)| of G and
e(G) for the size |[E(G)| of G. If H is a graph, we say that G is H-free if G does not
contain a subgraph isomorphic to H. Also, we let ex(G, H) be the maximal size of
an H-free subgraph of G, that is ex(G, H)=max{e(J): H ¢ JCG}. For instance,
if G=K", the complete graph on n vertices, then ex (K™, H)=ex(n, H), the usual
Turan number of H. Here we are concerned with the case in which G=Gp=Gnp,
the random graph on V(Gp)={1,...,n} where each edge ij (1<i<j<n) belongs
to Gp with probability p, 1ndependent1y of all other edges. (See Bollobés [3] for
details concerning random graphs.)

With the notation as above, our Turdn type extremal problem for random
graphs asks for the investigation of the random variable Zg =Zg(Gp)=ex(Gp, H)
for any given 0<p=p(n)<1.
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A celebrated result of Erdds and Stone [4] (see also Bollobés [2]) states that
the asymptotic behaviour of ex(n, H)=ex (K™, H) is determined by the chromatic
number of H, provided only that x(H)>3. Indeed, for any H we have

. ex(K™ H) 1
e Te®m) L X -1
Now, clearly, for every family of graphs {G™},,>1 with each G™ of order n and with
at least one edge, we have

mn
ex (G ,H)>1_ 1

(1) minf =Gy 21 s =1

However, if e(G™) — 0o as n — oo and, for all large n, the number of copies of
H in G™ is much larger than e(G™) and these copies are distributed in G™ in a
“yniform” way, then, in fact, one may expect that equality holds in (1) with liminf

replaced by lim. We conjecture that this is indeed the case when the G™ are the
random graphs Gy, p of sufficiently large density to make the expected number of

copies of H in Gy, larger than the expected size of Gpp by a factor that tends
to co arbitrarily slowly. Strong evidence in support of this conjecture is provided
by a recent, beautiful result of Rodl and Rucinski [16], who proved that every r-
colouring of the edges of such a dense random graph Gy, , leads to a monochromatic

copy of H almost surely, i.e. with probability tending to 1 as n — oco. (For earlier
related results see [11, 14, 15].)

The case H = K° of our conjecture is already well understood. One of the
results in Frankl and Rédl [5] says that ex(Gp,K3) = (1/2 + o(1))e(Gp) almost
surely if p=p(n)>n~1/2*€ and £ >0 is any fixed constant. More recently, Babai,
Simonovits and Spencer [1] showed that if p=1/2, then ex(Gp, K’ 3) is almost surely
the maximal size of a bipartite subgraph of Gp. Moreover, it is shown in [1] that
almost surely all the K3-free subgraphs of Gp of maximal size are in fact bipartite.

In this note we investigate ex (G’p,CzH'l) for [ > 1, where as usual we write C2+1
for a cycle of length 2/+1. Our main result is as follows.

Theorem 1. Let an integer I >1 and a real number 0<n<1/2 be fixed. Then there
is a constant C =C(l,n) >0 such that, if p=p(n)> Cn~Y*1/2L then almost every
Gp€%(n,p) satisfies ex(Gp, CH+1) < (1/2+n)e(Gp).

Clearly, by (1), we always have ex (G;,,C’m"'l) >1/2. Moreover, the condition
on p=p(n) in Theorem 1 cannot be substantially weakened. To see this, just note
that, for p = p(n) = én~1*1/2 almost every Gp has O{(6%/21)e(Gp)} copies of
CU+1. Thus ex(Gp,CH*+1) > {1 —0(6%/1)}e(Gp) almost surely for such p, and

hence the lower bound for p in Theorem 1 is, as claimed, essentially best possible:
given any 0 <e <1, there is a §=§(g) > 0 such that for p=p(n) as above we have
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ex (Gp,CzH'l) >(1—¢)e(Gp) almost surely. We mention that the general approach
in the proof of Theorem 1 was inspired by R6dl and Rucinski [16] (cf. Section 2.1).

The result of Frankl and R6d! mentioned above has as a corollary a purely
deterministic result that in fact settled a problem of Erdés and Negetfil. For
convenience, for any two graphs G and H and any given 0 < v <1, let us write

G —4 H if ex(G,H) < ve(G). Then the deterministic result of Frankl and Rédl
5] says that, for any 0 < n < 1/2, there is a K*-free graph G = Gy such that
G—1/24n K3. Here, as a corollary to Theorem 1, we show that, for any 0<n<1/2
and [ > 1, there are ‘very sparse’ graphs G =G, satisfying G_’I/Z-H? CH+1, For
instance, G may be required to have girth g{G) =2/ +1, and to contain no two
(20 +1)-cycles that share more than two vertices (cf. Corollary 11).

Finally, we mention that our conjecture above for H=C* follows from Fiiredi
(6] in a rather stronger form. The case in which H is a general even cycle c% (1>2)

will be dealt with in [8], where a completely different approach from the one here
will be used.

This note is organised as follows. In Section 1 we give a few preliminary
definitions and lemmas. The proof of Theorem 1, which is based on a somewhat
surprising deterministic lemma on subgraphs of pseudo-random graphs, Lemma 6,
is the subject of Section 2. The statement of Lemma 6 and the proof of Theorem
1 are given in Section 2.1, and the proof of Lemma 6 is given in Section 2.2. In
Section 3 we give the deterministic consequences of Theorem 1.

1. Preliminaries

We start with a variant of the powerful lemma of Szemerédi [17] concerning
regular partitions of graphs. Let a graph G = G™ of order |G| = n be fixed.
For U, W C V = V(G) with UNW =0, we write E(U,W) = Eg(U,W) for the
set of edges of G that have one endvertex in U and the other in W. We set
e(U,W)=eq(U,W)=|E(U,W)|. The following notion will be needed in the sequel.
Suppose 0<7<1 and 0<p<1. We say that G is p-uniform with density p if, for
all U, WCV with UNW =0 and |U|, |W|>nn, we have

leg(U. W) - plU| [W|| < np|U}|W|.

Now let H CG be a spanning subgraph of G. For U, W CV with UnW =0, let
dig (U, W) = {eH(U, W)/eq(U,W) %f eq(U,W) > 0.
0 if eq{U, W) = 0.
Suppose €>0, U, WCV, and UNW =0. We say that the pair (U,W) is (¢, H,G)-
regular if for all U’ U, W/ CW with [U’|>¢|U| and |W’|>¢|W]|, we have
ldnc(U', W) —dgc(U,W)| <e.
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We say that a partition P = (VQ)IS of V=V(G) is (e, k)-equitable if |Vp| <en,
and |Vi|=...=|Vj|. Also, we say that V} is the ezceptional class of P. When the
value of £ is not relevant, we refer to an (g, k)-equitable partition as a k-equitable
partition. Similarly, P is an equitable partion of V, if it is a k-equitable partition for
some k. Finally, we say that an (¢, k)-equitable partition P=(V;)E of V is (¢, H,G)-
regular if at most 5(12“) pairs (V;,V;) with 1 <4< j <k are not (¢,H,G)-regular.
We can now state an extension of Szemerédi’s lemma to subgraphs of n-uniform
graphs, observed independently by Rédl {13] and Kohayakawa [10].

Lemma 2. For given £ > 0 and kg > 1, there are constants n = n{e,kg) > 0 and
Ko = Ko{e, ko) > ko that depend only on € and kg such that, if G is an n-uniform
graph and H C G is a spanning subgraph of G, then there is an (e, H,G)-regular
(e,k)-equitable partition of V=V (G) with kg <k < Kj.

We now state two lemmas concerning random graphs. Here and below, if n >1
and 0 <p=p(n) <1, we let ¥(n,p) be the probability space of the random graphs
Gp = Gnyp. The following is immediate from standard estimates for tails of the
binomial distribution.

Lemma 3. Let 0<7 <1 be given, and consider the random graph Gp=Gr, p € %(n,p)
with 0 <p=p(n)<1. Put d=d(n)=np(n). Then, there is a constant do = dp(n)
such that, if d>dp, almost every Gy is n-uniform with density p. |

~ We now introduce another uniformity condition for graphs. Let G=G" be a
graph of order n, and suppose A>0 and p>0. Let d=pn. We say that G is (p, A)-
uniform if, for all sets U, W C V(G) with UNW =0 and 1< |U| < |W| < d|U|, we
have

lea(U, W) - p|U| [WI| < A{d)U|[WI}/2.

The following lemma is proved in [7].

Lemma 4. Let d=d(n)>0 be given, and put p=p(n)=d/n. Then a.e. Gp=Gpp€
(n,p) is (p,20)-uniform.

Let us remark that when dealing with (p, A)-uniform graphs of order n, we
shall always have d=pn. Our last preliminary lemma concerns the size of induced
subgraphs of (p,A)-uniform graphs. In this lemma and in the sequel, we write
O;(z) for a term y that satisfies |y| <z.

Lemma 5. Suppose given A and p>0, let G=G" be a (p, A)-uniform graph, and
suppose U C V(G). Then the size e(G[U]) of the graph G[U] induced by U in G
satisfies

e(G[U]) = p<|[2]|) +0; (Ad1/2|U|) .
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Sketch of proof. It suffices to notice that

(GlU)) = (2) {2781} Aveseats.v s),

where u = |U| and Avegeg(S,U\ S) denotes the average of e (S,U\ S) when S
runs over all SCU with |S|=1u/2]. ]

2. The main result

2.1. Proof of the main result. Our aim in this section is to give the proof of
Theorem 1. However, to state the key lemma in our argument, Lemma 6, we need
to introduce some definitions and notation. Given a graph G and an integer [ > 1,

let us define the graph J = J(H) = J;(H) on V = V{(H) by joining two distinct
vertices z, y €V in J if and only if there is an z—y path of length 2] in H. Now
suppose real constants 4, C > 0 and 0 < g < 1 are fixed. Moreover, suppose

G=G"is a (p,A)-uniform graph, where p=p(n) >Cn~1+1/2 and let HCG be a
subgraph of G of size e(H) >~pe(G). The main lemma in the proof of Theorem 1,
Lemma 6, states that e(J) is nearly as large as (e(H)/e(G)) (3) provided C and n
are sufficiently large with respect to [, A, and ~g.

Lemma 6. Let an integer [ > 1, and reals 0<6<1, 0< vy <1, and A >0 be fixed.
" Then there is a constant Cp= Cyp(l,6,70,A4) >0 for which the following holds. Let

G=G" be a (p,A)-uniform graph with p=p(n)> Con_l"'l/ﬂ, and let HCG be a
subgraph of G with e(H) >~pe(G). Then, provided n is sufficiently large, we have

e(Ji(H)) > (1-8)(e(H)/e(G)) (5)-

The proof of Lemma 6 is given in Section 2.2. In that section we also observe
that this result is in fact best possible, and make a few remarks on the structure of
the extremal subgraphs H for this lemma.

Let us now turn to the proof of Theorem 1. However, as this proof is somewhat
technical in parts, we first present its main idea informally here to give the reader

some feeling about the way we shall follow. Thus let {>1 and 0<7n<1/2 be given,

and let p=p(n) > Cn~1+1/2 where C is a suitably large constant to be chosen
later. Let us add the technical condition that p=p(n)=0(1) as n—oco. We view

1)

the random graph G, =Gy p as a union of two independent random graphs G,(,1

and Gg), both with edge probability p;. Thus, as we are assuming that p=o(1),

we have in particular that p; ~p/2. We decompose Gz(,ll) even further, writing it as

a union of k independent random graphs Gl(,iz) (1<i<k). Here k is a fixed large
constant to be chosen later, and hence, since p=o0(1), we have py~py /k~p/2k.
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Now suppose F' is a subset of edges of Gy with cardinality (1/2+ 7)e(Gp)

but spanning no (2 +1)-cycle. Assume that Gg) and G’g) contain 'yle(Gg)ll)) and

'yge(Gz(,zl)) edges of F' respectively. Note that v+v9 ~1427. Moreover, amongst the

ng) (1<i<k), assume that GI(,j ) contains the maximum number of edges from F:

(7)

we assume that it contains v*e(Gy, ) of them, where clearly v* < ;. Now, assuming

that C'is large enough, we use Lemma 6 to deduce that the edges of F' contained in
Gg) create at least about v* (722) pairs of vertices of Gg) that may not form edges in

F, as Gp[F] contains no (2/41)-cycle. Let us call such pairs of vertices prohibited.
Now, with very large probability, say P, not many fewer than v*e (Gg)) edges of

Gg) join prohibited pairs, and hence not many more than (1 —~*)e (Gg)) edges

of Gz(,zl) belong to F. However, the number of such edges is
2 2 * 2
Yoe (Gél)) ~(1+2n-m)e (Gél)) Z(1+2n—+")e (Gél)) :

This shows that actually considerably fewer than v*e (Gz(,zl)) edges of G;QI) may join

prohibited pairs of vertices. Thus the probability that there is a set FFC E(Gp) as
above is at most 1 — P. It turns out that in fact P is so large that 1— P can kill

the number of possibilities for the set FNE (G,@) CFE (Gg?), provided we pick

k large enough. Thus we conclude that almost surely such a set F' does not exist,
and the theorem follows in this case, namely, when p=p(n) > Cn~11/2 gor some
suitably large constant C' and p=o(1).

We still have to deal with the case in which p = p(n) does not tend to 0 as
n— oo. Here we only sketch an argument based on the original regularity lemma
of Szemerédi. Recall [ >1 and 0<7n<1/2 are given. Suppose 0<p<1 and A>0
are fixed constants and let G=G™ be a (g, A)-uniform graph of order n. Then a

standard application of Szemerédi’s lemma gives that ex (G,C%H) <(1/2+n)e(Q)

as long as n > ng for some constant ng =ng(l,7,0,A4). This implies that there is a
function gp = go(n) tending to 0 as n — oo such that the above statement remains
true even if p is allowed to vary with n: it suffices that ¢ = g(n) > gg(n). Since
almost every random graph G, = Grp is (p,20)-uniform, Theorem 1 follows for
p=p(n) = go(n).
Let us now give the proof with all the details.

Proof of Theorem 1. Let A =20, k= |54n73], e =0/12, § =n/4, 70 =7 and let
C=C(l,n)=2kCy>0, where Co=Cp(l,6,70,A) >0 s as given in Lemma 6. We shall
show that this choice of C will do in Theorem 1. Thus we fix p=p(n)> Cn—1tY/2
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and investigate C2+1-free subgraphs of Gp € %(n,p) of large size. As always, we
may assume throughout that n is as large as we please. Also, owing to the remarks
above, it suffices to consider the case in which p=p(n)=o0(1).

We shall ‘generate’ Gy, in £+ 1 ‘rounds’ as follows. Let 0 < p; = p1(n) < 1,
0<pg=pa(n) <1 be such that 1 —p=(1-p1)?, 1-p; =(1 ~p2)k, and consider k+1

independent random graphs G%) €&(n,po) (1<5<k), Gg) €%(n,p1). It is clear

that { U Gg) } UG(Q) is a random element of the space %(n,p). Below we work
1<;<k

with

1 k

G=(cl),. ..ol ea={ T] $mpa)pxSnp),
1<5<k
and always let G;(,i) = U G](,],L;) and Gp = Gg) UGz(,Ql). The ‘bad’ event B whose
1<i<k

probability we need to show approaches 0 as n — oo is that there should be a set
FCE(Gp) with [F|>(1/24+n)e(Gp) and Gp(F]pCH+1L.

Recall that we write O1(z) for a term y that satisfies |y| <. Let Q' C Q be
the set of G = ( M G;E);Gﬁ)) €92 for which the GY) (1<j<k) are (pa, A)-

uniform,

(o) =a+ouneam(;)  asis<w,

() =arounwa(y) e,
and finally e(Gp) = (1+01(e))p(}). Since P() =1 -0(1) as n — oo, below we

always assume that our G are in €. In particular, we concentrate on B =B8N .

Now, for each G € &', fix F' = F(G) C E(Gp) with |F| > (1/2+7)e(Gp) and
GplF] 2 C?F1. Moreover, let F; = Fy(G) = FnE( ) fi = £;(G) = |F|, and
%=%(G)=fi/e (G V) for i€ {1,2}, and similarly F) = FU)(G) = FN E (G,()?),
10 =10)(@)=1FO)], and 49) =40)(G) =10 e (GH)) for 1<j<k. Let us now
fix Ge®'.

Note that clearly |F|=|F(G)|< fi + f2, and hence

1241 < |FI/e(Gp) < {e (1)) /e(Ga) p 1 + {e (65) fe(@p) } 72
< (1 +3e)(n +72)/2
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Thus 41 +72 > {14+2n)/(1+3¢). Furthermore, we have that f; < fO4  + %) and
hence 71 < ((1+3¢)/k) Y +Y9). Hence, putting v* =v*(G) zlmax ~9) | we have

1<5<k
(143e) (v*+y2) > (143¢) (y1+7y2) > 1427, and therefore y*+vy2 > (1+277)/(1+35) +1.
Note that in particular v* > . Now, for 1 <j <k, let 55’ ={GeX: ( )
7*(G)}. Clearly, 8= |J %', and hence it suffices to show that IP’(.%’ ) =0(1) as
1<5<k

n— oo for all fixed 1 <j<k. Thus let us now fix 1< j <k, and consider G € 55’;
We have

(2) P(B)) ZIP’(%” n{G: ¢Y¥ = GO})
- %0:11»(33; 1GY) = Go)p (G,(,Q = Go) < max P (%168 = Go) :

where Gq ranges over all (p2, A)-uniform graphs on V(G)p) with size e(Go) = (1+
O1(£))(p/2k)(5). We now fix one such Gy and argue that P($;|G;€):GO> is

small. For Fy C E(Go), let P(j,Go,Fo) =P{G € B} and FU)(G)=Fy |Gy =Go}.
Then

(.%, | G(J) — )
(3) = Z P(], GO, FO) S 2(1+€)(p/2k)(3) max P(J: GO) FO)
FoCEGo) FoCE(Go)

Let us now fizx Fy C E(Gy) with P(5,Go, Fo) > 0. In particular, v* =|Fy|/e(Go) >
n="0. It now follows from Lemma 6 that e(J;(Go[Fo])) > (1—8)v*(3).

Now, for each G € (, let us put F/ = F/(G) = E(Gg)) N E(J;(GolFo))),

and let f' = f(G) = |F'|. Note that then, clearly, f' = f(G) (G € Q) has
binomial distribution Bi{e(J;{(Go[Fp])),p1) with parameters e(J;(Gp[Fp])) and p;.

Now suppose G € B, G) = Gy, and FU) = F). Then, since F' = F(G) does not
span a (204 1)-cycle, we have F'(G)NF(G)=0. Since F'(G)UFy(G)CE (G,(,?),
we have f/(G)+72(G)e (G;?) = (G)+ f2(G )<e(G(2)) and hence f'(G) < (1~
12(G))e (G,(,?). Therefore

P(j,Go, Fo) < P{G & @ and f/(G) < (1 - 7(G)e (611 ) }

(1 <p{re sa-n@+ai(;)}.
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We now bound this last probability using that f' = f'(G) ~ Bi(e(J;(Go[Fo))),p1)-
Clearly, E(f") <p1(5) <p(5). Moreover, recalling that v*+~2 > 1+, we have

E(f") = (1= m)(1+e) ()>{<1— )7*_<1+5><1—72)}§(§>

> (n-s-5(5) = 2o() = T,

and in particular E(f") > (np/3)(5). Hence, by Hoeffding’s inequality [9] (see also
inequality (5.6) in McDiarmid [12]), f'<{1-72)(1+¢)5(5) occurs with probability

no greater than
3
/ n / N n
1 < - .
p(s=(1 3)E(f ) —eXp{ 547’( )}
Thus, by (3) and (4), we have

A ) 3 .
P (53; | Gé;;} - GO) < 2lH+IE/G) exp {“?57_41” <Z>} < exp {—Eﬁsnl*l/%} :

Thus, by (2), we have [P(B;):o(l) as n— 00, as required. ]

Remark. The idea of looking at ¥(n,p) as

=1 T %n.p2)p x4np)
1<5<k

in the above proof was inspired by Rédl and Rucinski [16], where a similar, slightly
simpler, decomposition is used.
An immediate corollary of Theorem 1 is as follows.

Corollary 7. Let an integer | > 1 be fixed, and suppose w = w(n) — 0o as n — co.
Then if 0<p=p(n)=wn~1T1/2 <1 we almost surely have ex (Gp, CHH Y =(1/2+
o(1))e{Gp). ]

Remark. A simple alteration to the above proof of Theorem 1 gives in fact that,
for any fixed I > 1 and 0 < n < 1/2, there is a constant C/ = C'(1,n) > 0 such
that, if p = p(n) > C'n~1*+1/20 then almost every Gp € ¥(n,p) is such that any
subgraph H C G}, with e(H) > (1/2+7)e(Gp) contains at least cne(Gp) copies of
CZH'], where ¢ > 0 is an absolute constant. This result is, however, rather weak
for large p, as in this case one would expect the number of such copies to be much
greater than e{(Gy). This problem will be addressed elsewhere, as will the problem
of investigating the structure of the extremal subgraphs for Theorem 1.

2.2. Proof of the main lemma. The main ingredients of the proof of Lemma 6 are
a simple deterministic extremal result on edge-weighted graphs, Lemma. 8, and the

variant of Szemerédi’s lemma, Lemma 2, given in Section 1. Let a graph H = H*
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of order k be given, and suppose 7 = (W’e)eeE(H) is a family of weights 0 <~ <1

on the edges e € E(H) of H. Given vertices z, y € H, not necessarily distinct, let
Zgy=Tp(z)NTH(y), and put

(@) = wnglen) = { | if Zgy = 0.
WAL, Y) =WHAT,Y) = .
7 max{yzy : 2 € Zgy} if Zyy#0.
Also, for z € H, let d7(z) = d¥7(z) = 5. ~zy be the F-degree of z. For
y€lm(z)
simplicity, put also 5(H) = Y. .. Assume now that x = (z1,...,2g) is an
e€E(H)
ordering of the vertices of H. Then we let w(H,3,x) = >  w(z;,z;). We
1<i<i<k

shall in fact be interested in certain special orderings of V(H). Let us say that
an ordering x = (x1,...,2y) of the vertices of H respects 7 if, for any 1 <4 <k,
the vertex z; is a vertex of minimal 4;-degree in H; = H[z;,...,z;], the subgraph
of H induced by {z;,...,z4}, where 3; = he)eeE(Hi)- We may now give the first

ingredient of the proof of Lemma 6.

Lemma 8. Let H=HP" be a graph of order k, and let 7= (’Ye)eeE(H) with 0 <~ <1

(e€ E(H)) be given. Let x=(xy,...,x) be an ordering of the vertices of H that
respects 4. Then w(H,¥,x)>75(H).

Proof. We prove this lemma by induction on k. If k=1, there is nothing to prove.
Thus assume k> 2, and suppose the lemma holds for smaller values of k. Consider

Ho=H|za,...,z}] and J2=(Ye)ecE(H,)- Clearly, xo=(z2,...,x}) is an ordering of
the vertices of Hy that respects 79, and hence by induction we have w(Hz,%2,%2) >
Fo(Hg). If Ty(z1) =0, we have w(H,7,x) = w(Ha,52,%2) > J2(H2) = 7(H), as
required. Thus assume I'g(z1)#0, and pick z€T'y(z1). From our assumption on
the ordering x, we have d1:7(z)>d®7(z;). Therefore
’LU(H,"S’,X) Zw(H2,’72,X2)+ Z ’lU(IL'l,y) ZWQ(H2)+ z Yzy
y€ln(2) y€lg(2)
= Jo(Ha) + a7 (2) > 7a(Ha) + a7 (z1) = A(H),

as required. |

Our next lemma, Lemma 9, is the key observation that enables us to use

Lemma 2 together with Lemma 8 to prove Lemma 6. To describe the context in
which Lemma 9 applies, let an integer [ >1, and reals A, C, e, £ >0, and y>0>0

be fixed. Assume that G =G" is a (p, A)-uniform graph with p > C_1+1/2l, and
let H C G be a spanning subgraph of G. Let three pairwise disjoint sets Vi,
Vo, V3 ¢ V = V(G) with |V;| = m > pn (i € {1,2,3}) be given. Furthermore,
assume (V4,V3) and (Va,V3) are (g, H,G)-regular pairs with d1 2 =dg ¢(V1,V2) >0
and da3 = dg,g(V2,V3) > v. Roughly speaking, Lemma 9 states that the graph
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J=J(H)=Ji(H) is such that e (V1,V3) is nearly as large as ym?, provided only
that C and n are sufficiently large and ¢ is sufficiently small with respect to [, A,
i, 7y, and g.

In the proof of Lemma 9, we shall need the following simple definitions. Let
J be a bipartite graph with a fixed bipartition, say V(J)=XUY. Then we shall
say that J is a (b, f)-ezpander, and that it is (b, f)-ezpanding, if for all U C V(J)
with |U]| < b and moreover U C X or U C Y we have |I'7(U)| > f|U|. Also, if
(G is a graph and U, W C V(G) are two disjoint sets of vertices, we shall write
G[U,W] for the bipartite subgraph of G with vertex classes U/, W and with edge
set B(U,W)=Eq(UW).

Lemma 9. Let an integer I > 1, and reals A, C >0, 0<é<1, 0<p <1, and
0<o<v<1 be fixed. Let the graphs H C G, and J;=J;(H) be as above. Then,

if C>Co=32(A/60p)? and 0 < e <eg=060/24, we have e(J[V1, V3)) > (1 - §)ym?
provided n is sufficiently large.

Proof. We assume throughout that = is large, and in particular that G is np-uniform
for n=ep. We prove Lemma 9 by establishing three claims.

(1) There are sets V; C V; with |V;| > (1-2¢)m (i € {1,2,3}) such that Hjq =
H[V1,V5) and Hy 3= H|Va, V3] have minimal degree 6(Hy2)>{1—-6/4)d1 gpm and
6(Ha,3) > (1= 8/4)da3pm.

To prove (1), one may use the argument in the proof of Lemma 2 of [7]. Here
we only sketch an argument. To find the V; (i = {1,2,3}), we successively delete
the vertices ve Vi UV,UV3 that violate the condition we seek. Then one may easily
show that, owing to the (e, H,G)-regularity of (V4,V2) and (Va,V3), this process
finishes with the required sets V; (i€ {1,2,3}).

Our next claim follows from (1) above and the (p, A)-uniformity of G.

(2) For (i,5) = (1,2) and (i,j) = (2,3), the bipartite graph H;; = HV;,Vj] is
((1=6/2)d; jm/f, f)-expanding for any 0< f < (8ou/4A)2d.

To prove (2), fix (4,7) € {(1,2),(2,3)}, let o € {i,5}, and suppose 0 < f <

(60p/4A4)%d. Pick U CV, with u=|U|<(1—-6/2)d; ;m/f, and put W = Ty, (U).

Assume for a contradiction that w = |W| < fu. Then, by (1) and the (p, 4)-
uniformity of G, we have

1)
<1 - Z) d; jpmu < eHz.J(U, W) <eq(U,W)

é
< puw + A(duw)'/? < (1 - —2~> d; jpma + Afduw)'/?.

Thus (6/4)d; jpmu < A(duw)/?, and hence w > (Sop/4A)%du > fu, which is a
contradiction. Thus [y, (U)|> f|U], as required.

QOur third and last claim is as follows.
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(3) For all z€ V4, we have [T j,(z) N V3| > (1-36/4)ym.

To check (3), note that d =pn = Cnl/2 and hence that Hip and Ha33 are
((1-6/2)d; ym/ f, f)-expanding for 0< f<2nt/2l Now fix z€ V4, and let Xo={z}.
Let X1, Xg, ..., X9;_1 be such that nt/2l < | X;] < 2nt/2 for 1<i<2/—1, and
X1 CTh,,(Xo0), X2 CT o (X1)\Xo, -y Xo—1 Cl a5 (Xo1—2)\ (X1U...UXg_3).
Finally, let Xo; =T, ,(X9;_1). From the expansion property (2) of the H; ; the

result follows.
Lemma 9 follows from (1) and (3) above, as e(J;[V1,V3]) > (1 —36/4)ym|V4| >
(1—68)ym2. |

We are now ready to prove Lemma 6, the main lemma in the proof of Theorem
1.

Proof of Lemma 6. Let an integer [ > 1, and reals 0 < 6§ <1, 0 < v <1, and
A >0 be fixed. We may clearly assume that § < 1579, Let & = 4062/2200 and
ko = [1/e], and let 0 < n = n(e, ko) <1 and Ko = Ko(e,ko) > ko be as given
in Lemma 2. We may and shall assume that n < £/2Kp. Let o = v6/15 <1
and Cy = Co(l,6,70,A4) = 107(AKp/6279)%. We shall show that this Cp will do in
our lemma. Thus, let H C G be a subgraph of a (p, A)-uniform graph G = G"
with e(H) > yoe(G), where p=p(n) > Con Y2 Let v =e(H)/e(G). We now
investigate J; = J;(H). We may clearly assume that H is a spanning subgraph of
G. Furthermore, we may assume throughout that n is larger than some suitably
chosen large constant, and in particular that G =G" is n-uniform with density p (cf.
Lemma 5). We now apply Lemma 2 to H C G to obtain an e-equitable (¢,H,G)-
regular partition P = (Vl)lg of V=V(G) with kg <k < Kp. For convenience, let
m=|V;| (1<i<k).

We now define a graph H* on [k] by letting ¢j € E(H*) (1<i<j <k)if
and only if (V;,V;) is an (¢, H,G)-regular pair with dg (V;,V;)>e. Moreover, for
e=1ij € E(H*), let e=dy g(Vi,Vj), and let ¥ = (Ve)ecp(s+). We may and shall
assume that the natural ordering x = (1,...,k) of the vertices of H* respects 7.
Finally, let us define a spanning subgraph H' C H of H by letting zy€ E(H) be an
edge of H' if and only if €V, and yeV; for some 1<i<j <k with ij€ E(H*).
(1) We have e(H')>(1-6/6)vp(3).

We first estimate |E(H)\ E(H')|. From the (p, A)-uniformity of G it follows
that, for any W C V(G) with [W|>nn, we have e(G[W]) < (1+n)p(|vg|) if n is large
enough. Hence e(H[Vp]) <e2pn?. Moreover, writing d=pn as usual, we have that
eq(Vo,V\ Vp) is at most

pIVollV \ Vol + A{d|Vo||V \ Vo[}V/2 < epn? + AndY/? < 2epn?
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for large enough n. Now note that ) eq(V;,V;) with the sum over all 1 <i<j<k
such that (V;,V;) is not (¢, H,G)-regular is at most zf.(g)(l-f—n)pm2 <epn?. Also,
> en(V;,V;) with the sum extended over all 1<i<j <k such that dy ¢(V;,V;) <o
is at most g(g)(1+n)pm2 < ppn®. Finally, for large enough n, we have that

, sze(G[Vi]) <k(14n)p(7}) <pn?/k. Therefore |E(H\E(H')| < (4e+ o+ %)an <

1<
(5e + o)pn? if n is sufficiently large. On the other hand, we have e(H) = ve(G) >
y(1=n)p(}). Thus

e(H') > A(1 - n)p@ 25+ g)p@

e 20 n ] n
={1-n-12- - — >{1—--= .
(onm2=2) ()= (=5) ()
We now look at (H*,%). As in Lemma 8, let (H*)= . ~..
e€cE(H*)
(2) We have 3(H*)>(1~6/2)vk?/2.
To prove (2), note that
é n
<1 - g) 7p<2> <e(H')= Y veq(ViV))
e=ijEE(H*)
2 * TLQ
< X4+ n)pm Y (H") < (1+n)pz 7(H).
Therefore ¥(H*)>{(1—-6/6)/(1+n)}(1 —1/n)vk% /2> (1—6/2)vk? /2.
We may now complete the proof of our lemma.
(3) We have e(J;(H))>(1-6)y(3).
Let 1<i<j<k. By Lemma 9, applied with §/6, we have that e(J1[Vi, V;]) >
(1—6/6)w(i,j)m?, where w(i,j)=wg+ 5(i,7) is as defined before Lemma 8. Thus,
by (2) and Lemma 8, we have

e(J(H}) > Z e(Ji{Vi, ]D (1 - (_5) m? {"U{H*s’?sx) - Z w(i,i}}

1<i<i<k 1<i<k

6 1 26 n?
-2 2o L 20} 12 o n°
< 6)7717(!1) m>2(1 3>'ykm r

%(1 —€)? (1 - %‘E) yn? —en? > (1 —5)7@),

as required. i

v

v

Remark. Lemma 6 is essentially best possible in the sense that the lower bound
for e{J;(H)) cannot be substantially improved. In fact, any graph G on n vertices
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contains many subgraphs H for which e(J;(H)) is not greater than (e(H)/e(G))(5).
To mention just two examples of quite different nature, first fix any 1 <k <n and
let H = H* be a k-vertex subgraph of G of maximum size, and note that then
e(H) > e(G) (’;) (g)_l whereas trivially e{J;(H)) < (g) Now suppose 1 <k <n/2
and let H=H?¥ be a balanced bipartite subgraph of G of order 2k and maximum

size. Then e(H)>2e(G)k?/n? whilst e(J;(H)) <k®. From these two examples, we

also see that the ‘extremal’ or ‘near-extremal’ subgraphs H for Lemma 6 may have
quite a varied structure.

3. Deterministic consequences

In this section we give a few results concerning the existence, for any given
0<e<1/2 and [ >1, of very sparse graphs GG that satisfy G—>1/2+6 coA+1

If H is a graph of order |H| > 3 and size e(H) > 1, its 2-density is do(H) =
(e(H)—1)/(|H|-2). In particular, the 2-density of the (20+1)-cycle CZ*+1 (1>1)
is do(C?H1)=21/(21 —1). For integers k>3 and [>1, let 7,1 be the family of all
graphs H with 3<|H|<k, e(H)>1, and da(H)>do(C?*1). Also, let Forb (¥}, ;)
be the collection of all graphs G that are H-free for all H € ;.

Theorem 10. Let 0<e<1/2 and integers k>3 and [>1 be fixed. Then there exists
a graph G=G, € Forb (¥} ) such that G—1/9¢ cAU+L

Proof. Put n=¢/2 and let C'=C(l,1/2) be as given in Theorem 1. Let p=p(n)=
Cn~1+1/2L and consider Gp € %(n,p). Theorem 1 then tells us that Gp —y /54,
C2+1 almost surely, and it is a standard matter to check that a.e. Gp contains,
very generously, at most (¢/2)e(Gp) copies of elements of # ; as subgraphs. Fix
a Gp satisfying both conditions above, and let G C Gy be a spanning subgraph of
Gy obtained from Gp by the removal of at least one edge from each subgraph of
Gp that is a copy of an element of #};, and such that e(G) > (1 —¢/2)e(Gp).
Then clearly G € Forb(#} ;). Moreover, we have that G —;/5 . c?+ To
see this, suppose J C G is a subgraph of G with e(J) > (1/2+4¢€)e(G). Then
()2 (1/2)(1+22)(1—/2)e(Gp) > (1/2)(1+ )e(Gy). As Gp—(1ey/2 OP+, the
graph J must contain a (2{+1)-cycle and we are done. |

We now single out a corollary to Theorem 10. In Corollary 11 below, the
property that G belongs to Forb(#} ;) in Theorem 10 is replaced by a collection
of simpler and more concrete conditions. For instance, one of these conditions is
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that the girth g(G) of G should be at least 214 1. To state another condition that
appears in Corollary 11, we need to introduce a definition.

Let G be a graph and [>1 a positive integer. Suppose C1, ..., Cp, (h>2) are
distinet {21+ 1)-cycles of G, and e; € E{C1), ..., ej_1 € E(Cp_1) are h—1 edges of
G such that E(C;))N |J E(Cj)={ej—1} (2<i<h). Then we say that (C1,...,C})

1<5<i
is a (h,CQl“)-path in G. Now assume that (C1,...,Cp) is a (h,C?+1)-path in G
and that the edge e € E(G) joins a vertex in V(C1)\ |J V(C;) to a vertex in
1<j<h
V(Ch)\ U V(C;). We then say that (Cy,...,Cpse) is a (h,C?F)-cycle in G.
1<i<h

It is immediate to check that if (Cy,...,Cp) is a (h,C%*1)-path, then H =

U Cj has 2-density do(H) > do(C?H1). Also, if (C1,...,Cpze) is a (h, C2H1).
1<j<h
cycle, then H'=H +e has 2-density da(H')>dg(C2+1).

Corollary 11. For any 0 < e < 1/2 and integers k > 2 and | > 1 there is a graph
G = Gg such that (i) g(G) = 2l+1, (ii) no two (20 + 1)-cycles in G share
more than two vertices, and if two such cycles do share two vertices then they also
share an edge, (iii) G contains no (h,C?+1)-cycles for any 2 <h <k, and (iv)
G =g CHFL 1
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